Sydney Girls High School

2018
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Mathematics Extension 2

General Instructions

Reading Time — 5 minutes
Working time — 3 hours

Write using black or blue pen
Black pen is preferred.
Board-approved calculators may
be used.

A table of standard integrals is

provided at the back of this paper.

In Questions 11 — 16, show
relevant mathematical reasoning
and/or calculations.

All answers should be given in
simplest exact form unless
otherwise specified.

Total marks — 100

Section |

10 Marks

Pages3-9

e Attempt Questions 1 - 10
e Answer on the Multiple Choice answer sheet

provided

e Allow about 15 minutes for this section

Section Il

90 Marks

Pages 10-19

e Attempt Questions 11 - 16
e Answer on the blank paper provided

e Begin a new page for each question

e Allow about 2 hours and 45 minutes for this

section
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Section |
10 marks
Attempt Questions 1-10

Use the multiple-choice answer sheet for Questions 1-10.

1) The point A represents the complex number z.

A

Which diagram shows two points representing the square roots of z?

(A) (B)

(©) (D)

A (N
_ ]
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(2)

Given the graph above represents y = f(x), which one of the following

graphs represents y = [f(x)]??
fil
4

w

(A)
(B)

.
(€)

-4 \A T2 3 4/ 5
(D)
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(3) A solid has a base that is the circle x? + y? = 16. Cross sections perpendicular to the
x-axis are rectangles with heights that are half the widths. Which definite integral will
give the volume of the solid?

(A) f04(16 — x%)dx
B) 2, (16— x?)dx
©  4[, (16 —x?)dx

O) 8 (16 —x¥dx

(4) Which one of the following relations does not have a graph that is a straight line
passing through the origin on the Argand plane?

A z+z=0
B) z=iz
(C) 3Re(z) =Im(z)

(D) Re(z)+Im(z)=1
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(5)  Which of the following is an expression for [ cos? x sin” x dx ?

(A)

(B)

(€)

(D)

cos3x  3cos®x 3cos’x . cos’x

— + — + +cC
3 5 7 9

—cos3x+3cos®x—3cos’x+cos’x+c

cos3x 3cos°x . 3cos’x cos?x

— + — +C
3 5 7 9

cos3x —3cos®x+3cos’x—cos’x +c

(6) The derivative of the curve

x3+9x% —y2+27x —4y+23=0is:

dy  x?+6x+9

(A) dx - 2y
dy  x%4+6x+9
B) —=—7—
y
dy  3x?+18x+27
©) =7
y—4
dy  3x?+18x+27
O) =%
y+4
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(7) Which of the graphs below represent

(A)
Y

}

sy = sin~1(cos x) for

AN

—2n < x < 2m?

\/ =TT/ 2 1

(B)

/\ THE

(©)

N
_~

oT 1

<
/ m 2T 4
\

\

-1/ 2

(D)

AN

Y
/2

N

-om \/ 0
=TT/ 2 1

\1"7/ :_’ITr xr
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(8) A particle moves in a straight line so that its velocity at any particular time is given
by v = k(b — x), where x is its displacement from a given point O. The particle is
initially at O.

Which of the following gives an expression for x:
(A) x=b(1—ek)
(B) x=b(1+ek)
(C) x=b(1—e7k)

(D) x=b(1+e k)

(9) The equation of the locus of the complex number z such that
lz—3|+|z+ 3| =12is

2 2

x2 2 _

(A) 36+9 1
2 2

® —+Z=1
36 27
2 2
144 9
2 2
144 27

Page 8



(10)  Arrocket is launched vertically with a tracking station located on the ground
200 metres away from the launch pad. The angle of elevation of the automatic
tracking system changes so that it always lined up with the rocket. When the
angle of elevation is /6, the rocket is travelling at 100 metres/second, the
rate of change of the angle of the tracking system is closest to:

100 m/sI

200m

(A) 0.13 radians/seconds
(B) 0.38 radians/seconds
(C) 0.51 radians/seconds

(D) 0.76 radians/seconds
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Section 11

90 marks
Attempt Questions 11-16

Start each question on a NEW piece of paper.

Question 11 (15 marks)
Use a NEW sheet of paper.

@ 1f 2, = = (1 +V30)

(i) Express z; in modulus-argument form. [2]

(i) Show that z, is a solution to z® — 822 = 0. [2]
(b) Find

(i) [1]

fxz cos(x3+ 1) dx

(ii) [2]
J‘ dx
V3 4+ 2x — x?

(©
(i) Express (1 —i)(5 + i)? inthe form a + bi where a and b are
real. [2]
(ii) Hence, prove that [2]

7 1 T
-1(_ -1(Z)\ ==
tan (17)+2tan (5) 7

(d) Consider the ellipse with a focus at S(—1, 0), a corresponding directrix x = 5 and
eccentricity of a %

(i)  Find the centre of the ellipse. [2]

(if) Sketch the graph of the ellipse, showing its domain and range. [2]

End of Question 11
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Question 12 (15 marks)
Use a NEW sheet of paper.

@
5x2—-11

A
i E ————— inthef
0] Xpress in the form 12

(x+2)(x—1)2
where A, B and C are constants.

(i)  Hence find
5x% —11

Gt D012

(b)

x—1 T (x—-1)%

Using four separate graphs sketch, showing important features:

M) y=f(IxD
(i) y=+f()
L1
(i) 'y = I
iv) y=2/®

(c) Use the substitution t = tang to evaluate

/2 dx
j; 5+ 4cosx + 3sinx

End of Question 12

[2]
[2]

[2]

[2]

[2]

[2]
3]
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Question 13 (15 marks)

Use a NEW sheet of paper.

(a) If w is a complex root of the equation x3 — 1 = 0.

(i)  Show that the other complex root is w?. [1]
(i) Showthat1 + w + w? = 0. [1]
(iii)  Find the value of (1 + 2w + 3w?)(1 + 2w? + 3w). [2]

(iv) If the equations x3 — 1 = 0 and px> + gx + r = 0 have a common
root, evaluate (p + q + r)(pw? + qw + 1) (pw + qw? +1). [2]

(b) ABCD is a rhombus with ZBAD = 7T/3, where A and B are represented by the
complex numbers (3 — 2i) and (5 + 4i) respectively.

Im (>
B
Re
T
3\ D
A

(1)  Find the complex representation of D in a + bi form. [2]
(i)  Find the complex representation of C in a + bi form. [2]

(c) a, B and y are the roots of the cubic equation x3 + Ax? + Bx + 8 = 0,
where A and B are real. Furthermore a? + 2 = 0 and g2 + y2 = 0.

(1)  Explain why g is real and both « and y are not real. [2]
(i) Show that @ and y are pure imaginary. [1]
(iii)  Find the values of A and B. [2]

End of Question 13

Page 12



BLANK PAGE

Page 13



Question 14 (15 marks)
Use a NEW sheet of paper.

(a)
(i)  Show that the normal to the hyperbola xy = ¢? at the point
P (ct, %) has equation t3x — ty = ct* — c. [2]

(i)  The normal at P meets the line y = —x at N and the tangent at P

meets y = —x at T. Find the coordinates of N and T, in terms of ¢
and t. [3]

(iii) If O is the origin, show that OT x ON = 4c?. [2]
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(b)

y = cosx

x=3

Ly,

The area bounded by the curve y = cos x and the x-axis between
x = —m/4 and x = /4 is rotated through one revolution about the
line x = 3. By taking the limiting sum of the volumes of cylindrical

Tr/4 1

shells find the volume of the solid.

(©)

In the diagram, the bisector AD of 2BAC has been extended to intersect

the circle ABC at E. Copy the diagram on to the Answer Sheet.

(i) Prove that the triangles ABE and ADC are similar.

(i) Show that AB x AC = AD x AE.

(iii) Prove that AD* = AB x AC — BD x DC.

End of Question 14

'

[3]

[2]
[1]
[2]
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Question 15 (15 marks)
Use a NEW sheet of paper.

(@ Find

f cos(log, x) dx
(b) The complex numbers represented by z are such that
|z —3V3 -3i| =3.

(i)  Find the maximum value of |z|.

(i) Find the range of values of arg(z).

(© .
(i) Show that the equation of the tangent to the hyperbola % — Z—z =1at
. 0 0
P(asec@,btan@) is given byxSec _yt:;n =1.
.. x?  y? .
(i) If the tangent to 2z pr 1 at the point P(a sec@, b tan 6) cuts the

. _ PA
x-axis at A and the y-axis at B, show that — = sin? 6.

[3]

[1]
[2]

[2]

[3]
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(d) An amusement ride (chair-o-plane) is designed with a rigid circular
structure, with radius 3 metres, at the top. Chairs are attached to the
circumference of the rigid circle with cables, that are 3 metres long, so
that as the ride spins the chairs rise up and out from the centre of
motion. This motion creates an angle 6 between the vertical and the
cable. Let the mass of the chair and rider be m kg and the acceleration
due to gravity be 10 m/s?.

3m

(i) Riders find it intensely uncomfortable if angle 6 exceeds 45°.
Find the maximum angular speed in radians per second so that
the angle will not exceed 45°. [2]

(if) Riders tend to be disappointed if the tangential velocity is less
than 4 metres per second. Show that the angle created at this
velocity is between 21° and 22°. [2]

End of Question 15
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Question 16 (15 marks)

Use a NEW sheet of paper.

(a) Given that the polynomial equation x* + 2x? + 8x + 5 = 0 has a real
double root, find all roots of the equation. [3]

(b) Let
1
I, = f Vx(1 —x)"dx wheren=0,1,2, ...
0
(i) Show that [3]

I = 2n I
" oap4+3 e

(i) Hence evaluate [2]

flﬁ(l —x)3dx
0
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(©

y (a, h)

[
!
|
!
a
2

A gun is aimed so that the shell it fires strikes a target released simultaneously
from an aeroplane flying horizontally towards the gun at a speed of IV m/s and
at a height “h’ metres. The aeroplane was at a horizontal distance ‘a’ metres
from the gun when the target was released, and the shell strikes the target at
half this horizontal distance ‘a’, as shown on the diagram. The initial velocity
of the shell is U m/s and the angle of projection is 8. The equations of motion
of the shell are:

x =Ucosf y =Usinf — gt
x = Ut cos® y = Utsin _% +2 (Do NOT prove these.)
() Show that the equations of motion of the target are: [3]
1
x=a—-Vt y:h_Egt

(i) Show that the gun was aimed at a point h metres vertically above the
aeroplane at the instant the target was released. [2]

(iii) Also, show that [2]

V
U =E\/a2 +4h2

End of Question 16

End of Exam
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Sydney Girls High School

Mathematics Faculty

Multiple Choice Answer Sheet
Trial HSC Mathematics Extension 2

Select the altemative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample 2+4=2? a2 B 6 OS M 9
AOC B@® CO DO

If you think vou have made a mistake, put a cross through the incorrect answer and fill in the
new answer.

i@ BY cO DO

If vou change your mind and have crossed out what vou consider to be the correct answer,
then indicate this by writing the word correct and drawing an arrow as follows:

correct
A x Bx/(‘: O

DO

Student Number: A N «S‘V\/ Eﬁ\Sv

Completely fill the response oval representing the most correct answer.

.AO B® cO DO
2. A0 BO c@® DO
3. AO BO c® DO
4 A0 BO cO D@
5. A @ BO cO DO
6. AO BO cO D@
7.A0 BO cO D@
8. AO BO c& DO
9.AO B& cO DO
10A O B® CcO DO
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This was the most abandoned question.
Students got themselves very confused with
square root symbols. In conics questions
always try to relate diagonal distances to
horizontal or vertical distances.



Many students didn’t use the full radius.
Only using 3 sin @ or 3.
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